Abstract. In this paper, two sufficient and necessary conditions are given. The first one characterizes when the boundary path groupoid of a topological graph without singular vertices has closed interior of its isotropy group bundle, and the second one characterizes when the path groupoid of a row-finite k-graph without sources has closed interior of its isotropy group bundle. It follows that the associated topological graph algebra and the associated k-graph C*-algebra have Cartan subalgebras due to a result of Brown-Nagy-Reznikoff-Sims-Williams.
Introduction
In an effort to study general Cuntz-Krieger type uniqueness theorems, Brown, Nagy, Reznikoff, Sims, and Williams [2] found that for a locally compact Hausdorffétale groupoid Γ, the inclusion of the interior of isotropy Iso(Γ) o into Γ induces an inclusion of the C * -algebras C * r (Iso(Γ) o ) ֒→ C * r (Γ). Furthermore they characterized when this inclusion is Cartan.
Theorem 1.1 ([2, Corollary 4.5])
. Let Γ be a locally compactétale groupoid. Suppose that Iso(Γ) o is abelian. Then ι r (C * r (Iso(Γ) o )) is a Cartan subalgebra of C * r (Γ) if and only if Iso(Γ) o is closed. This result has many applications. For example, it induces the CuntzKrieger uniqueness theorem [7] and the general Cuntz-Krieger uniqueness theorem [12] .
The motivations for Brown, et al. [2] originally came from graph algebras and their generalizations. Indeed, many algebras coming from graphs have groupoid models, including:
• directed graphs [8] ,
• topological graphs [5] , and • k-graphs [6] .
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The difficulty of applying the full power of Theorem 1.1 to these situations, is that it is unclear when the interior of the isotropy is closed in the associated groupoid. Brown, et al. show in [2] using indirect means that the interior of the isotropy is always closed in the groupoid associated to directed graphs, but they also provide an example [2, Example 4.7] in which the interior of the isotropy group bundle of the path groupoid of the k-graph is not closed. Yang provided some partial results for k-graph C * -algebras in [13] , and proved the sufficiency of Theorem 1.1 for k-graph C * -algebras in [14] . However, there are currently no conditions intrinsic to a k-graph that show the associate groupoid satisfies the conditions of Theorem 1.1.
In this paper, we investigate examples of locally compactétale groupoids arising from directed graphs, topological graphs and higher-rank graphs. We determine when they have closed interior of the isotropy group bundle. The paper is organized as follows. In Section 2, we briefly review the background of groupoid C * -algebras, graph algebras, topological graph algebras, and k-graph C * -algebras. Recently, Kumjian and Li in [5] proved that for a topological graph algebra without singular vertices, its associated C * -algebra is isomorphic to the reduced groupoid C * -algebra of the boundary path groupoid of the underlying graph. In Section 3 we study the groupoid of a topological graph. We produce an example (Example 3.1) that shows the boundary path groupoid of a topological graph does not have closed interior of its isotropy group bundle in general. We then provide a sufficient and necessary condition, under which the boundary path groupoid of a topological graph without singular vertices has closed interior of its isotropy group bundle. In Section 4 we find a sufficient and necessary condition, under which the path groupoid of a row-finite k-graph without sources has closed interior of its isotropy group bundle. Finally, in Appendix A, we present a short and direct proof that the graph groupoid of a row-finite directed graph without sources always has closed interior of its isotropy group bundle. This theorem can be inferred from either Section 3 or 4, but we include it here because of its relative simplicity.
Preliminaries
Throughout this paper, all topological spaces are assumed to be second countable; all locally compact groupoids are assumed to be second-countable locally compact Hausdorff groupoids. By N (resp. N + ), we denote the set of all nonnegative (resp. positive) integers. Denote by H the infinitedimensional separable Hilbert space.
2.1. Groupoids. A groupoid is a small category where every morphism has an inverse. In this paper we deal exclusively with topological groupoids, that is a groupoid with a topology in which composition and inversion are continuous. For a groupoid Γ let Γ 0 be the set of objects in Γ which can be identified with the set of identity morphisms in Γ. If Γ is a groupoid there exist maps r, s : Γ → Γ 0 , where r(γ) is the range of the morphism γ and s(γ) is the source of the morphism γ. A locally compact groupoid is said to beétale if its range and source maps are both local homeomorphisms.
Let Γ be a locally compactétale groupoid. For u ∈ Γ 0 , denote by Γ u := s −1 (u); Γ u := r −1 (u); and by Γ u u := Γ u ∩ Γ u the isotropy group. Define the isotropy group bundle by Iso(Γ) := u∈Γ 0 Γ u u , which closed in Γ and is a locally compactétale subgroupoid of Γ. Moreover, Γ is said to be essentially free if the set of units whose isotropy groups are trivial is dense in Γ 0 . Furthermore, the interior of Iso(Γ), denoted by Iso(Γ) o , is open and a locally compactétale subgroupoid of Γ.
2.2. Topological Graphs. Topological graphs were introduced in [3] as a generalization of graph algebras which adds topologies to the vertex and edge spaces. In this subsection, we review the background of topological graph algebras from [3, 5] .
A topological graph is a quadruple E = (E 0 , E 1 , r, s) such that E 0 , E 1 are locally compact Hausdorff spaces, r : E 1 → E 0 is a continuous map, and s : E 1 → E 0 is a local homeomorphism. A directed graph is a topological graph where E 0 and E 1 are countable and discrete. Let E be a topological graph. A subset U of E 1 is called an s-section if s| U : U → s(U ) is a homeomorphism with respect to the subspace topologies. There are some specific subsets of E 0 analogous to the ones in directed graphs. The set of finite receivers E 0 fin consists of all v ∈ E 0 which has an open neighborhood N such that r −1 (N ) is compact. The set of sources E 0 sce := E 0 \ r(E 1 ). The set of regular vertices E 0 rg := E 0 fin \ E 0 sce . Moreover, the set of singular vertices E 0 sg is defined to be the complement of E 0 rg . The sets E 0 fin , E 0 sce , E 0 1 :
Denote the length of a path µ ∈ E * ∐ E ∞ by |µ| and µ(n) = x 1 · · · x n for n ≤ |µ|. Endow E ∞ with the subspace topology inherited from the product space
A basis for this topology consists of Z(U ) := {x ∈ E * : x(n) ∈ U } where U is open in E n . The product topology on E ∞ is locally compact Hausdorff by [5, Definition 4.7, Lemma 4.8] . The one-sided shift map σ :
Definition 2.1 ([11, Definition 2.4])
. Let E be a topological graph such that E 0 sg = ∅. Define the boundary path groupoid by
The range of (x, m, y) is x and its source is y, so Iso(
For open subsets U, V of E ∞ satisfying that σ k is injective on U , and σ ℓ is injective on V , denote by
The collection {U (U, V, k, ℓ)} of subsets of Γ(E ∞ , σ) as above forms an open base on Γ(E ∞ , σ), and under this topology Γ(E ∞ , σ) is a locally compact etale groupoid.
We give a characterization of convergent sequences in
Then (x t , n t , y t ) → (x, n, y) if and only if x t → x, y t → y, and there exists N ≥ 1 such that whenever i ≥ N , we have n t = n, and σ k (x) = σ ℓ (y).
2.3. k-Graphs. k-graphs are generalizations of directed graphs introduced in [6] where edges are replaced by hyper-rectangles of dimension less than or equal to k. In this subsection, we recall the background of k-graph C * -algebras from [6] . Definition 2.6 ([6, Definition 2.7]). Let k ∈ N + and let Λ be a row-finite k-graph without sources. Define the path groupoid by
The range of (x, m, y) is x and its source is y so Iso( We give the characterization of convergent sequences in G Λ . Fix a sequence ((x t , n, y t )) ∞ n=1 ⊂ G Λ , and fix (x, n, y) ∈ G Λ . We have (x t , n, y t ) → (x, n, y) if and only if for any p, q ∈ N k satisfying that p − q = n and σ p (x) = σ q (y), there exists N ≥ 1, such that n ≥ N =⇒ x t (p) = x(p), y t (q) = y(q), σ p (x t ) = σ q (y t ).
Cartan Subalgebras of Topological Graph Algebras
In this section, we give a complete characterization of when a topological graph E without singular vertices has closed interior of the isotropy group bundle of its boundary path groupoid.
The example shows that for a topological graph E without singular vertices, Iso(Γ(E ∞ , σ)) o is not closed in general.
Example 3.1. Let
with the topology induced from R 2 . Define r to be the identity map. Define s to be the identity map on {0}∪{(
. Then E is a topological graph with E 0 sg = ∅.
Denote by x := 000 · · · . Then (x, 1 − 0, x) ∈ Iso(Γ(E ∞ , σ)). For n ≥ 1, denote by
o is not closed.
Notation 3.2. Let E be a topological graph. For n ≥ 1, denote by C n the set of cycles in E n , which is a closed subset of E n . For k ≥ 1, n ≥ 1, µ ∈ C n , and for an open neighborhood N of µ denote by kµ := µ · · · µ (1) for any distinct α, β ∈ kN , there are no paths in N connecting s(α), s(β); and (2) for any α ∈ kN , there are no cycles in N with entrances and of base point s(α).
Remark 3.3. By Condition (2) of Notation 3.2, for each n ≥ 1, each cycle in B n has no entrances.
We show in Theorem 3.6 below that Iso(Γ(E ∞ , σ)) • is closed in Γ(E ∞ , σ) if and only if B n is closed for all n.
Remark 3.4. If E is a directed graph, i.e. a discrete topological graph then for a cycle µ in E we can take N = {µ}; in this case Condition (1) is vacuous and Condition (2) says that µ does not have an entrance. So for directed graphs, B n consists of cycles of length n without entrances. Furthermore, since E is discrete, E n is discrete andB n is closed. Therefore, by Theorem 3.6 below, Iso(Γ(E ∞ , σ)) • is always closed.
Lemma 3.5. Let E be a topological graph such that E 0 sg = ∅, and let (x, n, x) ∈ Iso(Γ(E ∞ , σ)). Pick p, q ≥ 0 with p − q = n, σ p (x) = σ q (x).
(1) If n > 0, then (x, n, x) ∈ Iso(Γ(E ∞ , σ)) o if and only if
Proof. We may assume that n > 0 and for the case n < 0 the argument is similar. Suppose that (x, n, x) ∈ Iso(Γ(E ∞ , σ)) o . Then there exist open subsets U, V of E * such that (x, n, x) ∈ U (Z(U ), Z(V ), p, q) ⊂ Iso(Γ(E ∞ , σ)).
We may choose W such that 
Since
We choose an arbitrary m = q + k 0 n ≥ M for some k 0 ≥ 1. We claim k 0 and N := W 1 × · · · × W n satisfy Conditions (1), (2) of Notation 3.2.
For condition (1) , if α, β ∈ k 0 N and γ ∈ N with s(αγ) = s(β) pick y ∈ E ∞ with r(y) = s(β) and ν α , ν β ∈ W 0 with s(ν ω ) = r(ω). Then
Therefore ν α αγy = ν β βy and so ν α = ν β and α = β. For condition (2) , suppose α ∈ k 0 N and γ ∈ s(α)N is a cycle with an entrance δ. Write γ = γ ′ γ ′′ where r(δ) = r(γ ′′ ) and γ ′′ (|δ|) = δ. Pick y ∈ s(δ)E ∞ and ν ∈ W 0 . Consider z = γ ′ δy. Then
Therefore γγ ′ δ = γ ′ δ contradicting that δ is an entrance. Conversely, suppose that x q+1 · · · x p ∈ B n . Then there exist k ≥ 1 and an open neighborhood N of x satisfying Conditions (1), (2) 
Theorem 3.6. Let E be a topological graph with E 0 sg = ∅. Then Iso(Γ(E ∞ , σ)) o is closed in Γ(E ∞ , σ) if and only if B n is closed in E n for all n ≥ 1.
Again by the definition of B n in Notation 3.2 and by Lemma 3.5, µ ∈ B n . So B n is closed.
Conversely, suppose that B n is closed in E n for all n ≥ 1. Fix a convergent net (x k , n k , x k ) ⊂ Iso(Γ(E ∞ , σ)) o with the limit (x, n, x). We may assume that n k = n for all k and we take arbitrary p, q ≥ 0 such that p − q = n; σ p (x k ) = σ q (x k ); σ p (x) = σ q (x). We may further assume that n > 0 since the case n < 0 shares a symmetric proof. By Lemma 3.5,
Since B n is closed for a directed graph, Theorem 3.6 gives Proposition A.2 (see Remark 3.4). Notation 3.7. Let E be a topological graph. For n ≥ 1, denote by
there is an open neighborhood of v consisting of base points of cycles without entrances in E n .
Notice that V n is an open subset of E 0 for all n ≥ 1.
is an open subset of E n . Furthermore, suppose that E 0 sg = ∅. Then B n is closed if and only if V n is closed. In these cases, Iso(Γ(E ∞ , σ)) o is closed in Γ(E ∞ , σ).
Proof. First of all, we show that r n (B n ) = V n . Fix µ ∈ B n . Then there exist k ≥ 1 and an open neighborhood N of µ satisfying Conditions (1), (2) of Notation 3.2.
has no entrances. So r n (µ) ∈ V n and r n (B n ) ⊂ V n . Conversely, fix v ∈ V n . Then there exists an open neighborhood W of v consisting of base points of cycles without entrances in E n . So (r n ) −1 (W ) is an open neighborhood of (r n ) −1 (v) consisting of cycles without entrances. It is straightforward to see that (r n ) −1 (v) ∈ B n . So r n (B n ) = V n . It follows immediately that B n = (r n ) −1 (V n ). Hence B n is an open subset of E n because V n is open.
Finally, suppose E 0 sg = ∅ and B n is closed. Since E 0 sg = ∅, r n is proper, and so r n is closed. Since r n (B n ) = V n , V n is closed. Conversely, suppose that V n is closed. Since B n = (r n ) −1 (V n ), B n is closed.
For the next corollary we need a definition. (1) E is topologically free;
In these cases,
Proof.
(1)⇔(2). Firstly, suppose that E is topologically free. Suppose that there exists n ≥ 1 such that B n = ∅. Since B n = (r n ) −1 (V n ) by Theorem 3.8, V n = ∅ which is a contradiction. So B n = ∅ for all n ≥ 1. Conversely, suppose that B n = ∅ for all n ≥ 1. To the contrary, assume that E is not topologically free. By Theorem 3.8, V n = ∅ for all n ≥ 1. Since E is not topologically free, by [4, Proposition 6.12], there exist a nonempty open subset V ⊂ E 0 and n ∈ N + such that V consists of base points of cycles in E n without entrances, which is a contradiction. So E is topologically free. Corollary 3.11. Let E be a topological graph such that
Proof. This follows from Corollary 3.10 and [4, Theorem 8.12].
Cartan Subalgebras of k-graph Algebras
In this section, we characterize of when the interior of the isotropy of a path groupoid of a row-finite k-graph without sources Λ is closed. Lemma 4.2. Let k ≥ 1 and let Λ be a row-finite k-graph without sources. Then
, and (µ, ν) is a cycline pair. Conversely, fix (x, p − q, x) ∈ G Λ such that σ p (x) = σ q (x) and (x(p), x(q)) is a cycline pair. Then (
Notation 4.3. Let k ≥ 1 and let Λ be a row-finite k-graph without sources. For p = q ∈ N k , denote by Λ ∞ p,q the set consisting of x ∈ Λ ∞ satisfying the following properties:
(
is not a cycline pair, and (x(p ′ )µ, x(q ′ )µ) is a cycline pair for some µ ∈ Λ.
Theorem 4.4. Let k ≥ 1 and Λ be a row-finite k-graph without sources. Then Iso(G Λ ) o is closed if and only if Λ ∞ p,q = ∅ for all p = q ∈ N k . Proof. First of all, suppose that Iso(G Λ ) o is closed. Suppose that there exist p = q ∈ N k such that Λ ∞ p,q = ∅, for a contradiction. Fix x ∈ Λ ∞ p,q . For n ≥ 1, let p n := p + (n, . . . , n) and q n := q + (n, . . . , n). By Condition (2) of Notation 4.3, for n ≥ 1 there exist y n ∈ s(x(p n ))Λ ∞ and µ n ∈ s(x(p n ))Λ such that x(p n )y n = x(q n )y n and (x(p n )µ n , x(q n )µ n ) is a cycline pair. For n ≥ 1, take an arbitrary z n ∈ s(µ n )Λ ∞ . Then (x(p n )y n , p− q, x(q n )y n ) → (x, p − q, x), and (x(p n )µ n z n , p − q, x(q n )µ n z n ) → (x, p − q, x). However, (x(p n )y n , p − q, x(q n )y n ) / ∈ Iso(G Λ ); and by Lemma 4.2 one has (x(p n )µ n z n , p − q, x(q n )µ n z n ) ∈ Iso(G Λ ) o . This is a contradiction. So Λ ∞ p,q = ∅ for all p = q ∈ N k . Conversely, suppose that Λ ∞ p,q = ∅ for all p = q ∈ N k . To the contrary, let us assume that Iso(G Λ ) o is not closed. Then Iso(G Λ ) o \ Iso(G Λ ) o = ∅. Fix (x, p − q, x) ∈ Iso(G Λ ) o \ Iso(G Λ ) o . We may assume that p = q ∈ N k and σ p (x) = σ q (x). Then there exist a sequence (y n , p − q, y n ) in Iso(G Λ ) o converging to (x, p − q, x), and another sequence (z n , p − q, w n ) with z n = w n for all n ≥ 1 also converging to (x, p − q, x). By Lemma 4.2 for n ≥ 1 there exist p n , q n ∈ N k with p n − q n = p − q such that σ pn (y n ) = σ qn (y n ) and (y n (p n ), y n (q n )) is a cycline pair. Fix p ′ , q ′ ∈ N k with p ′ − p = q ′ − q ∈ N k . Then there exists N ≥ 1 such that
Since (y N (p N ), y N (q N )) is a cycline pair and p N ∨ p ′ − q N ∨ q ′ = p − q, we obtain a cycline pair
